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Cooperative Synthesis of Control and
- Display Augmentation

Sanjay Garg* and D. K. Schmidt}
Purdue University, West Lafayette, Indiana

The cooperative control synthesis technique, previously developed to synthesize control augmentation so as to
optimize the human operator’s subjective rating, is extended to the synthesis of display augmentation for
closed-loop manual control tasks. The procedure allows for simultaneously augmenting the display dynamics as
well as plant or controlled element dynamics via feedback, and explicitly includes task-related and pilot-centered
requirements in the design objectives. Connections are made between the proposed technique and classical manual
control theory, and the new methodology is demonstrated by considering a compensatory tracking task for a
generic controlled element. Analytical evaluations of the various control and display augmentation results and
comparisons with the results of previous experimental studies are discussed.

Introduction

HE amount of information to be processed by the pilot

of a modern aircraft to accomplish an assigned task
successfully has continued to increase. It is therefore becom-
ing more and more critical to determine the best information
set and display dynamics needed by the pilot so as to reduce
the workload and improve performance. )

In Ref. 1 it was hypothesized that a tradeoff exists between
levels of control augmentation of a plant and display augmen-
tation, in terms of workload and task performance. That is, a
highly sophisticated display with minimum stability augmen-
tation or a high level of control augmentation with lesser
display integration, or intermediate combinations thereof, may
lead to acceptable task performance and workload. The hy-
pothesis of Ref. 1 was borne out by the extensive work done
by Lebacqz et al.? and Lebacqz® in their effort to quantify the
display/control requirements for helicopter approach and
landing. They report that “the hypothesized tradeoff between
display sophistication and control complexity was evident for
combinations rated satisfactory, but the determination of an
adequate combination is dependent primarily on stability-con-
trol augmentation.”? Even with flight directors for all three
axes, the pilots found it difficuit to fly without adequate flight
control augmentation.

Another area where display/control tradeoffs may be of
importance is remotely piloted vehicles. A very high degree of
accuracy in following complex trajectories can be achieved by
completely automatic controllers,* but it may be undesirable
to take the human controller completely out of the control
loop for reasons of safety or mission flexibility. A combina-
tion of “intelligent” remote displays® and control augmenta-
tion of the vehicle may then lead to desirable levels of accu-
racy while still maintaining manual control.

Thus, there exists a need to synthesize stability augmenta-
tion and display augmentation with special attention to the
role of the human in the system. The idea that a control
augmentation system works in cooperation with the human,
and that a technique which considers the augmentation system
and the human to be two controllers working in “parallel”
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was suggested by Schmidt.® This cooperative control synthesis
technique (CCS) incorporates a mathematical model of the
manual control behavior, and uses optimal-control theory to.
synthesize feedback control gains such that the augmented
plant dynamics are “pilot-optimal.” Because display augmen-
tation, like control augmentation, has to be in harmony with
the human’s abilities and limitations, the cooperative synthesis
technique was considered to provide an appropriate frame-
work for simultaneously synthesizing control and display aug-
mentation, and thus provides a task-specific tradeoff between
such control and display augmentation systems.

Other display design techniques based on an optimal con-
trol model (OCM)’ of manual control behavior have been
suggested by Levison,® Hess,” and Hoffman et al.'® All these
techniques are intended to lead to flight director designs that
reduce pilot workload, and are clever applications of the
OCM. An excellent discussion of the functional requirements
for the design of flight directors can also be found in Ref. 11.
The fundamental control and guidance requirement stated is
to reduce the tracking error to zero in a stable, well damped,
and rapid manner. Based on the crossover model of the
human pilot,'> the main pilot-centered requirement, whether
considering control or display augmentation, is that the effec-
tive controlled element as perceived by the pilot is like k/s
over a broad frequency region. With such a controlled ele-
ment, the pilot’s compensation is reduced to that of a pure
gain in the crossover region, which is considered optimal from
the point of minimum pilot workload. All of the preceding
techniques involve designing the flight director control law for
a given plant or controlled element. Therefore, these methods
do not explicitly include the display/control tradeoff in the
synthesis procedures themselves. Furthermore, not only must
the pilot-centered requirements be met, but good overall
closed-loop performance also must be obtained. As will be
shown, a performance /workload tradeoff exists.

This paper presents a methodology intended to provide a
systematic approach to synthesizing pilot-optimal control and
display augmentation in complex closed-loop manual control
tasks. This methodology is an extension of the cooperative
control synthesis technique developed earlier®*> for control
augmentation synthesis. The characteristic results from the
‘methodology are evaluated by considering a compensatory
tracking task with a simple, but difficult to control, plant.
Although the methodology is clearly intended for higher order
multichannel tasks, use of this plant and task is appropriate to
gain insight, and for validation studies. With such a plant, the
crossover model'? can be used effectively to gain such insight,
and to compare results with those obtained from the cooper-
ative synthesis approach.
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Preliminary Analysis

Con51der a compensatory tracking task with a K,/s? plant,
as in Fig. 1. As is well known, such a plant is difficult to
control in that it requires the human to generate a significant
amount of lead, which results in deterioration in performance
and subjective ratings. Now, rate feedback can be used to
provide lead, either in the form of a “quickened” display, or
through augmenting the plant dynamics using feedback, or a
combination of both, as shown in Fig, 2. In Fig. 2, K, is the
display “quickening” gain and K_ is the plant augmentation
" feedback control gain. A feedforward gain K on the manual
control input (8,) is used to compensate for the reduced static
gain of the plant when using the feedback control augmenta-
tion shown.

With display augmentation only [i.e., D(s) =1, K;=K =0
in Fig. 2], the controlled element as seen by the human is

()5, (s) = KB )

Thus this effective controlled element is like k/s for frequen-
cies greater than 1/K,. BExtensive experimental work, by
McRuer and Jex,!? has shown that for a pure k/s element,
the crossover frequency of the manually controlled system is
w, = 4.3 rads/s, and the pilot’s compensation in the crossover
region is given by P(s) = K,e™, with 7=0.23 s for a com-
mand input bandwidth of 15 rad/ s. Without any pilot lead
compensation, which is undesirable from pilot workload con-
siderations, the minimum value of K, just to stabilize the
loop, with the above form of P(s), is 0.36 for w. = 4.3 rads/s.
The true tracking error e(s) is given by

s[s+ K,K,P(s)]
[s2+ K,K,P(s)s + K,P(s)]

e(s)/0.(s) =

Thus, for a step command, the steady-state error approaches
zero, which shows that this rate-augmented display satisfies
the control and guidance requirement of Ref. 11. However,
the loop transfer function with the loop broken at the per-
ceived signal x, (see Fig. 2, with K, = K, = 0) is given by

P() (14 K,s) (1)

while the loop transfer function with the loop broken at the
true error e is glven by

o) O

From these two expressions it can be inferred that the cross-
over frequency for the x, loop [Eq. (1)] will be greater than
that for the error loop [Eq. (2)]. This implies that the error
perceived by the human (x,) will always be less than the
actual error, and the difference will increase as K, is in-

e (& e(+) 4

F = D(s) P(s)

Display Pilot
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creased. Thus, though a high value of K, may be desirable
from the point of reduced operator workload, making K, too
high will actually result in tracking performance deterioration.

Conversely, consider control augmentation without an aug-
mented display [i.e., Fig. 2 with D(s) =1, K, = 0]. Now, with
rate feedback augmenting the plant, the effective and true
controlled element are the same, and given by

0()/8(5) = 2R T

(Here, 1 + Ky = K, is assumed.) Thus the controlled element
is like k/s for frequencies less than K K. Using the previous
argument, for the system to be just stable with no p110t lead
compensation (ie., P(s)= er’°235) requires a minimum
value of 7.8 for K Kc, if w, = 4.3 rad/s. Increasing K, above
this minimum reduces phase lead required of the pllOt to
provide adequate phase margins, or pilot workload is mini-
mized. Because the displayed error and perceived error are the
same (in contrast to the previous case), there is no perfor-
mance decrement as K, is increased. However, there would be
restrictions on the gain based on other requirements, such as
limits, for example, on loop bandwidth of the control-aug-
mented system.

Even though the obJectlve of both the control augmentatmn

and display augmentation is to reduce the required manual

control compensation, the way this is achieved is fundamen-
tally different. In display augmentation, the required lead is
provided through a change in the numerator dynamics of the
effective controlled element, while in control augmentation the
controlled plant poles are changed, thus affecting the stability
properties of the controlled element.

Now, with both control and display augmentation, the
effective controlled element is

K, K, (K ;s+1

w(s)an = REEeED) )
Clearly, by letting K, K, =1/K,, the controlled element can
be made exactly k/s. But, as stated earlier, there would be.
limits imposed on values of K, and K, by requirements other
than those of just minimizing pilot workload. And, although
the compensation required of the human for any such combi-
nation of K, and K, K, is the same, the actual tracking error
and the augmented plant bandwidth do vary. Consequently,
even in this simple example, one is already faced with the
question of how to “best” tradeoff control and display aug-

mentation.

o
c—(i)(ﬁ—e— Pisplay|-S—] Pilot KO/SZ
- .

Fig. 1 Compensatory tracking task with K, / s? plant.
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Fig. 2 Display / control augmentation using rate feedback.



56 S. GARG AND D. K. SCHMIDT

Application of Cooperative Synthesis

In the Appendix, a mathematical optimization problem is
discussed and the necessary conditions for optimality are
derived. The interaction between the various controllers is
shown in Fig. Al. The association of controller u, with plant
augmentation and of display control u, with the display
augmentation should be apparent in this formulation. More-
over, with u, = 8 (8 the manual control input), along with
appropriate Gefinition of the system matrices 4, and B,,, the
structure of the controller u, that evolves from the above
formulation is similar to that of an OCM of manual control.”
The elimination of the human operator’s time delay in the
synthesis model simplifies the dynamic order by eliminating
the linear predictor present in the complete OCM control
structure. The motor noise ,, is, however, accounted for in
this formulation in that it may appear as an additional dis-
turbance in Eq. (Al).

Though the simplified model is used in the synthes1s proce-
dure, a complete model (with predictor, etc,) is used to evaluate
candidate designs. Moreover, at each iteration of the synthesis
process, the parameters (e.g., noise intensities) in the sim-
plified model are updated to yield results that are consistent
with the complete OCM model. It has been shown'* that by
selecting proper noise intensities for the motor noise ,, and
the measurement noise ,, the simplified model yields the
same human operator dynamics as the complete model.

Consider again the simple compensatory tracking task as in
Fig. 1 and in Ref. 6. Let the command signal 6, be filtered
white noise w, with

6.(s)/w(s) =3.67/(s*+3s+2.25)
and

E(w)=0  E{w(t)w(t+0)} =8(0)
It is-assumed that the error signal is displayed to the human
with D(s) consisting of a first order lag at 50 rad/s, or

50
x4(5) =me(s)

The human’s observations are the displayed variable x, (and
its associated rate x,, as per the OCM) and his objective is to
regulate the displayed signal. This task is interpreted as that of
minimizing the performance index

JP=E{ Jlim Tf xd+gp82)dt} (4

where g, may be chosen to yield a particular neuromuscular
lag time constant, for example, 7, = 0.1 s.

For all the results presented here the following were as-
sumed in the OCM evaluation of the task, and these are all
consistent with the standard modeling assumptions in Ref. 7:

1) The human is assumed to reconstruct the rate informa-
tion x, from the displayed variable x,.

2) Observation thresholds for x, and x, are 0.012 in. and
0.036 in. /s, respectively, based on visual arc angles of 0.05 deg
and 0.15 deg/s at the human controller’s eye, and assuming
the display to be 1 ft away. .

3) The observation noise ratio is —20 dB for each observa-
tion (x, and x,).

4) The motor noise ratio is —20 dB.

5) The observation time delay is r=0.1 s.

The predicted manually controlled system performance for the
unaugmented plant is given in Table 1. (Note that the statisti-
cal results differ from those in Ref. 6 because of the different
observation thresholds for the display considered.) The
frequency domain results are presented and discussed later in
this paper.
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The results in Table 1 are indicative of high levels of
tracking error and workload, which may be reduced by a
suitable choice of display or control augmentation using only
6 feedback, again, as shown in Fig. 2 and consistent with the
previous discussion. Within the framework of the cooperative
synthesis methodology presented in the Appendix, the aug-
mentation shown in Fig. 2 leads to the following definitions:

yu=[0.8]", y=0
Gy= K, Ji=1,

¥p=[xas 541" +3,,
=[_Kc> KS]’
[thh as in Eq. (4)]

The choice of the synthesis cost function J, should reflect
the various tradeoffs that are involved. For the results pre-
sented herein, J, was chosen to be

J2=E{ Tf e +gp82+qu§+F2du3)dt}

T—ooo

with g, ~—0009 (corresponding to g, for the unaugmented
case, as in Table 1.). Wierwille and Connor'® have shown that
the human’s perception of manual control workload is strongly
correlated with the rms value of his control input rate, so the
inclusion of Sp in the cost function J, reflects the desire to
minimize this workload. Clearly the inclusion of error reflects
the desire to provide good tracking performance (Note that

is different from J, in that J, consists of minimizing x,,
tﬁe dlsplayed 81gnal being observed by the pilot, while J,
consists of minimizing the actual tracking error which is the
ultimate task objective.) The weights F, and F,, (scalars for
this -case) are design variables, chosen to adjust the levels of
augmentation control energy and “display energy,” respec-
tively. For , = F,,=0and x,=¢, J,=

Using this cooperative methodology, four different cases of
augmentation were considered. These cases are discussed be-
low.

Display Augmentation Only

The results for dlsplay augmentation only (ie., F, = o0), for
varying F,, are listed in Table 2 along with the, evaluation
results using the full-order OCM model. As expected, the
value of K, tends to increase as weighting F,, is decreased.
But, interestingly, K, reaches a limiting value of 0.373
in./deg-s™! as F,;,— 0. Thus; as the allowable value of dis-
play gain is increased, the methodology leads to a design that
meets the pilot-centered requirements of Ref. 11. Note that
the limiting value of K, is very close to the value of K,
obtained earlier (K, = 0.36) using the crossover model.

The results of Table 2 are also plotted in Fig. 3. It is clear
from this figure that the pilot’s workload (as measured by rms
8,) decreases monotonically as the display augmentation gain
K, is increased. Conversely, the true rms error e initiaily

Table 1 Unaugmented system performance

e rms, 8 rms, 8;, rms,
8y deg deg deg/s Jp
0.009 0.812 0.802 5.95 0.98

Table 2 Display augmented system

e rms, 8 rms, 8 rms,
Fy K, deg deg deg/s I,
10 0.032 0.756 0.749 5.58 0.82
1 0.230 0.623 0.453 3.38 0.41
01 0.353 0.634 0.345 2.56 0.35 -
0.01 0.373 0.638 0.333 2.46 0.34
0.001 0.373 0.638 0.333 2.46 0.34
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Fig.3 Performance and workload comparison.

Table 3  Control augmented system

K, e rms, 8 rms, SP rms,
F deg/deg-s~! K; deg deg deg/s U,
10 0.029 0.020 0.700 0.704 . 522 0.70
2 0.116 0.149 0.553 0.622 4.46 0.42
1 0.203 0.285 0.508 0.637 4.46 0.35
0.33 0.461 0.841 0.457 0.716 4.36 0.28
0.1 0.617 1.276 0.442 0.774 428 0.26

0.01 0.620 1.284 0.442 0.774 4.28 0.26

Table 4 Display design for control-augmented plants (5, = 1)

K, K, e rms, & rms, 8 Ims,
“deg/deg-s™!  K; in/deg-s™!  deg deg deg/ s,
0.116 0.149 0.123 0.528  0.507 361 028
0.203 0.285 0.116 0496  0.525 362 024
0.461 0.841 0.095 0.454  0.629 383 021
0.617 1276 0.087 0439  0.693 38 0.20

decreases as K, is increased, but then increases. The limiting
value of K, (= 0.373) corresponds to that value beyond which
increasing K, will lead to degraded performance, without any
significant reduction in workload. If the human operator’s
performance index J, is used to predict the subjective opinion
rating,>'¢ then the results in Table 2 also indicate that there
will be no further improvement in opinion rating if K, is
increased beyond the limiting value.

Control Augmentation Only

The results for just control augmentation (ie., F,, = ) are
listed in Table 3, along with the model-based results using the
full-order OCM. Again, it is noted that as F, — 0, a limiting
value of K, = 0.62 deg/deg-s~! is achieved. This corresponds
to K K, = 7. 2, quite close to the value 7.8 obtained earlier
using the crossover model. Thus, as the allowable level of
control energy is increased, the methodology leads to a design
that again meets the pilot-centered requrrements of Ref. 11.
The results of Table 3 are also plotted in Fig. 3, indicating
that the tracking performance (e) 1mproves monotonically as
the level of control augmentation is increased, and the
workload (8 ) also is reduced. But, as stated earlier, a high
value of K, may be undesirable. Therefore, an intermediate
value may be chosen beyond. which negligible improvemerit in
trackmg performance results, along with no noticeable reduc-
tion in operator workload (81,)

Comparing the results for display augmentatron alone with
those for control augmentation alone, it is evident that control
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Table 5 Simultaneous display / control design (F,= 1)

K, K,, e rms, & rms, 8 rms,

F, deg/deg-s™' K, in/degs™! deg  deg deg/s J,
2 0.082 0260 0.153 0.547 0479 3.02 029
1# 0.144 0.498 0.132 0.514  0.490 276 0.26
0.33 0.344 1.198 0.108 0.469 0.578 267 022

01 0.437 1.576  0.076 0453 0647 277 022

?Candidate design.

augmentation has the advantage of significantly improving
tracking performance with limited improvement in workload,
while display augmentation can significantly reduce workload
with limited improvement in actual tracking error. This again
supports the conjecture that even for the simple k/s? plant,
there appears to be some advantage in providing a combina-
tion of control and display augmentation, as opposed to only
one or the other.

Display Design for Augmented Plants

For four rate-augmented plants, a separate display-augmen-
tation synthesis was carried out, using the same cost index J,
as before (F, = oo, F,, varied). As the level of display aug-
mentation was increased (F, was decreased) for a given
rate-augmented plant, the same trends were observed as in the
case of display design for the unaugmented plant. That is, the
actual error first decreases and then increases with increasing
K, along with monotonic reduction in workload (8 ). As in
the case of a k/s? plant, the true tracking error was a
minimum when F,, =1 for each of the four rate-augmented
plants. The synthesis results and the predicted performance
corresponding to the aforementioned weighting (e, F,;=1)
are listed in Table 4. These results are also plotted in Fig. 3.

It is interesting to note from Table 4 that as the plant
becomes more and more like k/s (or as K, is increased), the
optimum display augmentation gain decreases even though
the performance index being minimized (J,) is the same in all
cases. Also, the synthesmed display augmentation is such that
the pilot workload (8 ) is roughly the same for all the cases
presented in Table 4. "This result is related to the findings in
Ref. 2, that the workload can be constant over specific combi-
nations of control and display sophistication.

Simultaneous Control / Display Synthesis

Finally, the cooperative synthesis algorithm was again ex-
ercised, except the control and display augmentation gains K,
and K, were simultaneously obtained. The synthesis results
and the predicted closed-loop performance are listed in Table
5, and plotted in Fig. 3. Again, as the level of control augmen-
tation is increased (F, — 0), the optimum display gain de-
c¢reases. Comparing these results to those obtained in the
section above, we note almost equal closed-loop performance
(rms error), but the pilot’s control input rate (8 ) is much
lower (25% less) in the case of simultaneous synthesrs This is
true even when the results are compared for the same level of
plant augmentation (K,). This result is primarily caused by
higher augmented plant sensitivities (higher values of Kj) that
are obtained when control/display gains are synthesized
sitnultaneously, as compared to the case of synthesizing con-
trol augmentation only. The phenomenon that leads to this
result is not completely understood at present and is the
subject of ongoing research.

A hybnd design that offers improved performance and
workload is the one obtained by simultaneous display /control
synthesis and is indicated in Table 5. From Fig. 3 we note that
for this case (labeled A in the figure), the tracking perfor-
mance is much improved over the unaugmented case, the
manual control input rate is much reduced, and the level of
control augmentation (K,) is modest. And, as Eq. (3) would
indicate, the effective controlled element for the candidate
design is close to k/s over a broad frequency region.



58 ' ‘ S. GARG AND D. K. SCHMIDT

J. GUIDANCE

Table 6 Comparison between OCM and McDonnell'® results

Controlled Results _

element Classification ~ basedon ., r1ad/s ¢5,deg 7,5 Tps x2/02

—Ig Unaugmented OoCM 31 26 036 12 066

s McDonnell® 2.9 20 033 >1 073

&'37;-}"—1) Display OCM 41 44 020 020 021

s © aug.
———K Control OoCM 3.7 53 0.17 019 0.20
s(s+72)
aug.
—? McDonnell 40 40 020 O 0.18
K_(O._13_s+_1)_ Candidate OCM 3.9 50 018 027 0.18
s(s+1.68) desi
-design
2060 Uneugmented while the resulting loop frequency responses [P(jw)]-

- ---Candidate Design [x,/8,(jw)] are shown in Fig. 5. These figures indicate that,
& 10-00 for the candidate design, not only is the manual controller’s
o [P(jw)] phase compensation reduced, as compared to that for
S o0 the k/s2 plant, but the loop crossover frequency is also
= higher, and the stability margins are much improved.
§-10-00- The model-based results may also be compared with those

)
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Fig. 4 Pilot describing function [ P( jw)].
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Fig. 5 Loop transfer function [ P( jw)] * [x,/ 8,(jo)l

The manual controller describing function [ P(jw)], calcu-
lated from the OCM (see Ref. 17), for the above candidate
design and the unaugmented plant are compared in Fig. 4,

obtained in McDonnell’s'® experiments. Shown in Table 6 are
the loop crossover frequency (w,), the phase margin (¢,,), the
total effective time delay of the human operator (7,), the
human’s lead time constant (7} ), and the ratio of the mean-
square perceived error to mean-square command input
(x3/8?). Here, 7, is obtamed from the relation

_(90-9¢y) 7
e= o, 180

where ¢,, is in deg and is obtained from the loop Bode plots,
as in Fig. 5. The human operator’s phase compensation ‘at
crossover, as in Ref. 17, is used to calculate the lead time
constant (77).

The model-based results for the unaugmented plant are in
agreement with those of McDonnell. The OCM predictions
for the best display-augmentation case and the best control-
augmentation case (“best” in terms of minimium pilot
workload) are also comparable with those obtained by
McDonnell for a k/s controlled element. As the results for
the hybrid design are also very close to the measured quanti-
ties for a k/s plant, this case should elicit an excellent
subjective rating. McDonnell’s results show a rating (based on
the Cooper scale!®) of 7 for the k/s? plant and 3 for the k/s
plant. Based on correlations between pilot rating and various
measured parameters such as 77, 7,, w,, and perceived perfor-
mance, as found by McDonnell, all the synthesized designs
listed in Table 6 then correspond to an improvement in
subjective rating of about four on the Cooper scale. Thus, all
these augmented systems would be rated “good”.

Conclusions

An algorithmic methodology was presented that has the
potential of providing a systematic tradeoff between control
and display augmentation in manual control, taking into
account the limitations of the human controller. Classical
analysis of a k/s? plant was used to highlight what is meant
by a control/display tradeoff. Various control and display
augmentation laws were then synthesized using the algorith-
mic methodology, again with the same k/s? plant. Analytical
evaluations of the synthesized results demonstrate the applica-
bility. of the methodology to meet the pilot-centered require-
ments for display design. The model-based results, when com-
pared with previous experimental research, tend to validate
the modeling procedure, thus enhancing the overall apphcabﬂ-
ity of the methodology.
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Fig. A1 Block diagram for cooperative control / display auglﬁentation.

Appendix: Optimal Cooperative Control / Display
Design Methodology

Problem Formulation

Consider a dynamic system acted upon by two physically
independent controllers %, and u,, and described by the
linear time invariant set of first-order differential equations

X =A4,%+ B, u,+ B4, + D% (A1)
with X €R", u, € R™, u, € R™, and W a zero-mean Gaus-
sian white noise process with intensity W. The controller u
will correspond to the control input from the human pilot,
while u, is the control input from a feedback control law that
will augment the plant dynamics.

The display dynamics that are present are assumed given in
the form

Xg=Ayx;+ Bu, (A2)

with X, € R? and 7, € R™, where %, is the display “quicken-
ing” controller. The objective is to find the optimal cooper-
ative controllers #,, u,, and u,.

Controller u,, is assumed to have noisy observations availa-
ble for feedback given by

Vp=0Cx+ Cux;+ Cuy+ 0, (A3)

where v, is also a zero-mean Gaussian white noise process
with intensity V). This controller will have the form of a linear
quadratic Gaussian compensation, i.e., it consists of full-state
feedback implemented using a Kalman estimator. As such,
this controller can be made to closely approximate the optimal
control model of manual control.4

The augmentation controller %, and the display control law
4, are assumed to have noise-free measurements y, and y,,
respectively, available for feedback, where

Fu= R Fa=Cu{ 3} (A%)

Note that the above formulation does not allow feedback of
the display states X, to the augmentation controller %,, al-
though this could be added. Finally, these two latter con-
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trollers are constrained to have the direct output feedback
form

u,=G,5,=G6.0,x

=Gy, = Gdcd{ _} (A5)

Any dynamic compensation that may be desired (e.g., via state
estimators) can be implemented based on the above form of
the augmentation controllers (u, and u,) with a proper
definition of the states X and X, and an appropriate choice of
the outputs y, and J,. These estimators can be determined
after the gain synthesis presented here, in the standard manner.

The interaction between the different controllers is shown in
the block diagram of Fig. Al.

Design Objectives
Controller 1 (u,) is to be optimal with respect to the cost

J = E{ Tf X me + deldxd

T— 0

+ulRya, + 7 Fa,) dt} : (A6)
in the presence of the action of control inputs %, and #,.
Here E{-} indicates the expected value operator, and the
weighting matrices are @, >0, Q,;,>0, R, >0, and F; > 0.

Conversely, controller 2 (u,) and the display control law u,
are to be optimal with respect to the cost

B = {TIL“; Tf

+ul B, + 91 F,1,) dt} (A7)

0. %+ %70, % +uT -
X0y, X +X41Q0a%y + Uy RyU,

in the presence of the control action u#,. The weighting matrices

are QZOZO’ Q2d209 RzZO, F‘2>09 and F‘2d>0'
Augmenting the system dynamics [Eq. (Al)] with the dis-

play dynamics [Eq. (A2)], the state-space description of this

augmented system is
{ _’_C } + Bl"]ap + [BZ"]B,,
X4 0 0

(E-15 2
X, 0 A,
a2

Defining X = col(x, x,;), Eq. (A8) can be written in a compact

form with appropriate definitions for the matrices as
X = AX + By, + B,u, + B,u,+ Dw (A9)
The méasurements can similarly be written as
V=X + Cuy+y,
=GX
Ya=GX (A10)

The two cost functions can then be expressed in terms of
the augmented state vector X as

1 (TYp o o
Jl=E{ lim 7/ (xTle—i—u:Rlup—FuaTFlua)dt}
T—-o0 ]
S = +u TR u +u, TEu
2 <T_)w T./ XQzX 2 pL

+alFyytly) dt} (A11)
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where the weighting matrices Q; and Q, are appropriately
defined. Note that this formulation is formally that for a
multiplayer nonzero sum game, and we seek a Nash solution.”®

Solution for u,

In the presence of the action of control inputs %, and #,, as
given by Eq. (AS), the dynamics of the augmented system
[Eq. (A9)} are

X =4, X + By, + Dw
j}p = Caugi + ay (Alz)
where i ’
| Aug 2 (A+BG,G+ B,G,C))
Caug £ (Cl + CquCd) (A13)

and the performance index J; becomes

J= E{ tim 7 [[&7(1+ CTGIRG,C) + A Rud dt}

(A14)

Equations (A12) and (Al4), in the case of uncorrelated
process and measurement noises (w and 7,) and for V,>0
(i.e., ¥, positive definite), describe the standard nonsmgular
hnear quadratlc Gaussian regulator problem for controller #,.
The optimal controller is knowr?! to have the form

u =KX

, =K, X (A15)

where ¥ is the minimum mean-square estimate of the system
state vector X. The gain matrix K, is given by

K,=—-R{'BP (Ale)

with P > 0 and symmetric, the solution of the algebraic Ricatti
equation

AT P+ Phug (0, + CIGIFG,C,) — PBIR{'B,P=0

aug

(A17)
The dynamics of the Kalman state estimator are
}%=Aaug§+Bl_u.p +Ml(.}_)p - Caug?() (A]‘S)
where the Kalman filter gain matrix M, is given by
M, =XCLV,! (A19)

with Y.(> 0) the solution of the algebraic Ricatti equation
AT +TAL + DWDT —EZCLV,'C X =0 (A20)

Solution for #, and 7,
The optimal controller ,, as derived above, has the form

7,=K,%X, X=AX+M?3, (A21)
where 4, = (Aaug + B, K, — M,C,,,)- Then, in the presence of

this control action #, the system dynanucs [Egs. (A9), (A15),
and (A18)] can be written in terms of the augmented state
vector §£ col(X, x) as

KX A Bl Kp —
= +
Time 4 |f

{5 i) (a2
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which can be written in a compact form, with appropriate
definitions of matrices, as

g=A{g+ Bju,+ Bju,+ D'’ (A23)
The intensity of the process w’ is W’ = ZV 3 .

¥
The index of performance to be minimized by %, and 7%,

then becomes

JZ=E{ Jlim Tf (370G +ulF, +udF2dud)dt} (A24)

with

Q,A[QZ 0 ]
0 K/R,K,

The design objective can then be stated as that of finding the
optimal controller u#, and optimal display control #,, which
minimize the cost J, as given by Eq. (A24), subject to Eq.
(A23).

It can be shown that the gains G, and G,, which corre-
spond to the simultaneous optimality of the two controllers u,
and u,, are given by

G,= —F [ B O]HL.COZTq([Cz o]L-%T])_ (A25)

and

B, ! [ cT] [ cr o
G,=—-FE} HL| ™ C, 0JL| ™ A26
d 2d [Mlcu] L 0 ‘([ d ] | 0 ]) ( )

Here, L= E{gq" } satisfies the relation
AL+ ILAT+ D'W'DT=0 (a27)
and. H satisfies
ATH+ HA,+ Q=0 (A28)
where the following definitions have been used

e A BK,]
< | M 4, |’

aug,

020+ GG RGG + CiGiF,G,C 0
0 0

The solutions (A25) and (A26) are derived from the gradient
conditions

Bt gt )

(A29)
i‘il—:z{l? G,[c 0]L[C“T [ By ]THL[C"T]}=0
G, 2a%al % 0 M,C, 0

(A30)

respectively.

Thus, the solution to the cooperative control/display
synthesis problem requires simultaneously solving two alge-
braic Ricatti equations [Eq. (Al7) for the control gains for
controller 1 (u,) and Eq. (A20) for the estimator gains], two
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Lyapunov equations [Eq. (A27) for the system covariance
matrix and Eq. (A28) for the matrix of Lagrange multipliers],
and two gradient conditions [Egs. (A29) and (A30)] that are
necessary for the optimality of the gains G, and G,;. A
computer program using a conjugate gradient search al-
gorithm with cubic interpolation?® was developed to solve for
the optimal augmentation gains.
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